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Maximal monotone operators on a Banach space into its dual can be 
represented by convex functions bounded below by the duality prod- 
uct. It is natural to ask under which conditions a convex function 
represents a maximal monotone operator. A satisfactory answer, in 
the context of reflexive Banach spaces, has been obtained some years 
. ago. Recently, a partial result on non-reflexive Banach spaces was ob- 

tained. In this work we study some others conditions which guarantee 
that a convex function represents a maximal monotone operator in 
non-reflexive Banach spaces. 
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22 ■ 1 Introduction 

O 

Let X be a real Banach space and X* its topological dual, both with norms 
^ , denoted by || • ||. The duality product in A" x X* will be denoted by: 

; vr : A X A* ^ R, tt{x, x*) := (x, x*) = x*{x). (1) 

A point to set operator T : A ^ A* is a relation on A x A*: 

T C A X A* 
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and T(x) = {x* G X* \ (x, x*) G T}. An operator T : X ^ X* is monotone 
if 

>0,V(x,x*),(y,y*) GT 

and it is maximal monotone if it is monotone and maximal (with respect to 
the inclusion) in the family of monotone operators of X into X* . 

Fitzpatrick proved constructively that maximal monotone operators are 
representable by convex functions. Before discussing his findigs, let us es- 
tablish some notation. We denote the set of extended-real valued functions 
on X by M.'^ . The epigraph of / G M.-^ is defined by 

E(/) ■.= {{x,fi)£X xR\f{x)<fi}. 

We say that / G M.-^ is lower semicontinuous (l.s.c. from now on) if E(/) is 
closed in the strong topology of X x M. 

Let T : X ^ X* be maximal monotone. The Fitzpatrick function of T 

ism 

(^y^t^x^*^ (^T(a;,x*):= sup {x -y,y* - X*) + {x,x*) (2) 

{2/,y*)er 



and Fitzpatrick family associated with T is 



h is convex and l.s.c. 
/i(x,x*) > V(x,x*)gXxX* 
(x,x*) G r ^ h{x,x*) = {x,x*) 



In the next theorem we summarize the Fitzpatrick's results: 

Theorem 1.1 ([U Theorem 3.10]). Let X be a real Banach space and T : 
X ^ X* be maximal monotone. Then for any h G S't 

(x,x*) G T <^=^ h{x,x*) = {x,x*) 

and ifT is the smallest element of the family S^t- 

Fitzpatrick's results described above were rediscovered by Martmez-Legaz 
and Thera [9], and Burachik and Svaiter [2]. 

It seems interesting to study conditions under which a convex function 
h G represents a maximal monotone operator, that is, /i G 3~t for some 
maximal monotone operator T. Our aim is to extend previous results on 
this direction. We will need some auxiliary results and additional notation 
for this aim. 
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The Fenchel-Legendre conjugate of f £ M is 

ret^*, f*{x*):=sup{x,x*)-f{x). 

Whenever necessary, we will identify X with its image under the canonical 
injection of X into X** . Burachik and Svaiter proved that the family 3^t is 
invariant under the mapping 

2 : l^x^* ^ l^x^*, a h{x,x*) := h*{x*,x). (3) 

This means that if T : X ^ X* is maximal monotone, then [2] 

S{3't) C Jt. (4) 

In particular, for any h € 3"t it holds that h > ir , 3h > tt, that is, 

h{x,x*)> {x,x*), h*{x*,x)> {x,x*), V{x,x*) £ X X X*. 

So, the above conditions are necessary for a convex function /i on X x X* 
to represent a maximal monotone operator. Burachik and Svaiter proved 
that these conditions are also sufficient, in a reflexive Banach space, for h 
to represent a maximal monotone operator: 

Theorem 1.2 Theorem 3.1]). Let h S M'^'-X'''-* 6e proper, convex, l.s.c. 
and 

h{x,x*)> {x,x*), h*{x*,x) > {x,x*), y{x,x*) e X X X*. (5) 
If X is reflexive, then 

T := {{x,x*) eX X X* \ h{x,x*) = {x,x*)} 
is maximal monotone and h,3h € 3"r- 

Marques Alves and Svaiter generalized Theorem 1 1.21 to non-reflexive Banach 
spaces as follows: 

Theorem 1.3 ([5l Corollary 4.4 ]). If h £ R-^^^* is convex and 
h{x, X*) > {x, X*), V(x, x*)£X xX*, 

(6) 

h*{x*,x**)> {x*,x**), y{x*,x**) (£ X* X X** 

then 

T := {{x,x*) gX xX* \ h*{x*,x) = 
is maximal monotone and 3h G 3't- Moreover, if h is l.s.c. then h € 3"t- 
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Condition Q of Theorem 11.31 enforces the operator T to be of type 
(NI) [6] and is not necessary for maximal monotonicity of T in a non-reflexive 
Banach space. Note that while the weaker condition ([5]) of Theorem 11.21 is 
still necessary in non-reflexive Banach spaces for the inclusion h G 3't, 
where T is a maximal monotone operator. The main result of this paper is 
another generalization of Theorem 11.21 to non-reflexive Banach spaces which 
uses condition ([5]) instead of ([6]). For obtaining this generalization, we added 
a regularity assumption on the domain of h. 

If T : X ^ X* is maximal monotone, it is easy to prove that ipT is 
minimal in the family of all convex functions in X x X* which majorizes the 
duality product. So, it is natural to ask whether the converse also holds, 
that is: 

Is any minimal element of this family (convex functions which 
majorizes the duality product) a Fitzpatrick function of some 
maximal monotone operator? 

To give a partial answer to this question, Martmez-Legaz and Svaiter proved 
the following results, which we will use latter on: 

Theorem 1.4 ([8l Theorem 5]). Let "K he the family of convex functions in 
X X X* which majorizes the duality product: 

Di := {/i € M"''" ^"'^ [ h is proper, convex and h > it}. (7) 

The following statements holds true: 

1. The family "K is (donward) inductively ordered; 

2. For any /i € !K there exists a minimal Hq ^"K such that h > Hq; 

3. Any minimal element g of 'K is l.s.c. and satisfies 8g > 9- 

Note that item 2 is a direct consequence of item 1. Combining item 3 
with Theorem [L2l Martmez-Legaz and Svaiter concluded that in a reflexive 
Banach space, any minimal element of !K is the Fitzpatrick function of some 
maximal monotone operator [51 Theorem 5]. We will also present a partial 
extension of this result for non-reflexive Banach spaces. 

2 Basic results and notation 

The weak-star topology of X* will be denoted by uj* and by s we denote 
the strong topology of X. A function h G M"'^^"'^* is lower semicontinuous 
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in the strong x weak-star topology if E(/i) is a closed subset of X x X* x I 
in the s x uj* x \ ■ \ topology. 

The indicator function of F C X is (5y, 6v{x) := 0, x G V and 5v{x) := 
oo, otherwise. The closed convex closure of / € is defined by 



clconv/ G M'''", clconv/(x) := inf{^ G R| G clconvE(/)} 

where for U C X, clconv [/ is the closed convex hull (in the s topology) of 
U. The effective domain of a function / G M.-^ is 

D(/) := {x G X I /(x) < cx)}, 

and / is proper if D(/) 7^ 0. If / is proper, convex and l.s.c, then /* is 
proper. For h G M"'^^"'^*, we also define 

Prx B{h) ■.= {x£X\3x* eX*\ {x, x*) G D(/i)}. 

Let T : X ^ X* be maximal monotone. In [2] Burachik and Svaiter defined 
and studied the biggest element of 9^t, namely, the S-function, §2^ G 9't 
defined by 

St G M^''^*, St := sup {h}, 

or, equivalently 

$T = clconv(7r + 5t)- 
Recall that 3(9"t) C Jt- Additionally [2] 

3 St = V'T (8) 

and, in a reflexive Banach space, = St- 

In what follows we present the Attouch-Brezis's version of the Fenchel- 
Rockafellar duality theorem: 

Theorem 2.1 ([H Theorem 1.1]). Let Z he a Banach space and ip,ip ^ 
he proper, convex and l.s.c. functions. If 

U A[D(<^)-D(V^)], (9) 

A>0 

is a closed suhspace of Z, then 

inf ip{z) + V(2) = max -^*{z*) - i^*{-z*). (10) 
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Given X, Y Banach spaces, LiY^X) denotes the set of continuous linear 
operators of Y into X. The range of vl G LiY^X) is denoted by R(vl) and 
the adjoint by A* G L{X* ,Y*): 

{Ay,x*) = {y,A*x*)^y (iY, X* e X\ 

where X* , Y* are the dual of X and Y , respectively. The next proposition 
is a particular case of Theorem 3 of [10]. For the sake of completeness, we 
give the proof in the Appendix A. 

Proposition 2.2. Let X, Y Banach spaces and A G L{Y,X). For h G 
j^XxX*^ p^QpQ^ convex and l.s.c, define f G M^^^* 

f{y,y*) := inf hiAy, x*) + 6{o}{y* - A*x*). 

If 

[j\[PixB{h)-R{A)], (11) 

A>0 

is a closed subspace of X, then 

f*{z*,z)= min h* {u* , Az) + 5sq-\{z* — A*u*). 

Martmez-Legaz and Svaiter [7J defined, for h G M''^^"''-* and {xq,Xq) G 
XxX*,/i(,„,,.)G]R^><^* 

h{xQ,xi){x,x*) := h{x + XQ,x* + Xq) - [{x,xl) + {xq,x*) + {xq,xI)] 

= h{x + xq,x* + Xq) - (x + xo, X* + Xq) + (x, X*). (12) 

The operation h ^ hi^xo^xi) preserves many properties of h, as convexity and 
lower semicontinuity. Moreover, one can easily prove the following Proposi- 
tion: 

Proposition 2.3. Let h G M^^^^'. Then it holds that 
1. h>TT ^ ^(0=0,4) ^ V(xo,x^) G X X X*; 

2- ^H^o,xl) = (3/i){a;o,a;5)- V(xo,x5) G X X X*. 
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3 Main results 

In the next theorem we generahze Theorem 11.21 to non-reflexive Banach 
spaces using condition ([5]) instead of the condition ([6]) used in Theorem ll.3[ 
For obtaining this generahzation, we added a regularity assumption (|14p on 
the domain of h. 

Theorem 3.1. Let h € M"'^^"'^ be proper, convex and 

h{x,x*) > {x,x*), h*{x*,x) > {x,x*), y{x,x*) e X X X*. (13) 

// 

|jAPrxD(/i), (14) 

A>0 

is a closed subspace of X, then 

T := {{x,x*) eX X X* \ h*{x\x) = {x,x*)} 
is maximal monotone and 3h S 3't- 

Proof. First, define h := dh and note that h is proper, convex, l.s.c, satis- 
fies p^ . (fH|) and 3h = 3h. So, it suffices to prove the theorem for the case 
where h is l.s.c, and we assume it from now on in this proof. Monotonicity 
of T follows from Theorem 5 of [7] . Note that for any x (z X 

T{x) = {x* € X* I h*{x\x) - (x,x*) < 0}. 

Therefore, T{x) is convex and w*-closed. 

To prove maximality of T, take (xo,Xq) G X x X* such that 

(x-xo,x* > 0, V(x,x*)Gr (15) 

and suppose Xq ^ T{xq). As T(xo) is convex and a;*-closed, using the 
geometric version of the Hahn-Banach theorem in X* endowed with the iv* 
topology we conclude that there exists zq ^ X such that 

(zo,3;S) < (zo,x*), Vx*GT(xo). (16) 

Let Y := spanjxo, -Zo}- Define A € !i{Y,X), Ay := y, Vy G Y and the 
convex function / E M^^^ , 

f{y,y*)-= inf HAy,x*) + 6{o}{y*-A*x*). (17) 
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Using Proposition 12.21 we obtain 

ny\y)= min K*{x\Ay) + 5{^}{y*-A*x*). (18) 

Using ([13]), (HI]) and ^ it is easy to see that 

f{y,y*) > {y,y*), r{y*,y) > {y,y*), V(y,y*) eYxY*. (19) 



Define g := 3f- As y is reflexive we have dg = clf. Therefore, using (jl9p 
we also have 

5(y, y*) > {y, y*), 9*{y\ y) > {y, y*), V(y, y*)eYxY*. (20) 

Now, using (|20p and item 1 of Proposition 12.31 we obtain 



%o,A*xS)(2/,2/*) + Jllyf + l\\y*f > {y,y*) + hyf + 1 



>0, y{y,y*)eYxY* (21) 

and 

(a<7)(.o,A..s)(y,y*) + + l\\y*f > {y,y*) + + 

>0, V(y,y*) ey xy*. (22) 

Using Theorem 12.11 and item 2 of Proposition 12.31 we conclude that there 
exists {z,z*) e y X y* such that 

inf 5(xo,A*x5)(y,y*)+^l|yf+^l|y*f +(a5){xo,A-x5)(^,^*)+^Pf+^P*f = o. 

(23) 

From (I2TD,(I221) and (I23D we have 



inf 5(.o,A*.5)(y,y*) + kyf + l\\y*f = o. (24) 

As y is reflexive, from (fT2]) . (p^ we conclude that there exists {y,y*) € 
y X y* such that 

g{y + xo,y* + A*x*o) - {y + xo,y* + A*x*o) + (y, y*) + + ^||r f = 0. 

(25) 

Using ()25p and the first inequality of ()20p (and the definition of g) we have 
/*(r + A*x*o, y + xo) = {y + xo, r + A*x*q) (26) 



and 

{yS) + \\\yr + \wr = ^- (27) 

Using (jlSp we have that there exists Wq € X* such that 

ny* + A''xl,y + x^) = h*{wl,A{y + x^)), y* + A*xl = A*wl. (28) 
So, combining ([26j) and (p8]) we have 

/i*K,A(y + xo)) = (y + xo,^*u;S) = (^(y + xq), u;^)- 

In particular, Wq G r(j4(y + xo)). As xq G 1", we can use ([15]) and the second 
equahty of ([28]) to conclude that 

{A{y + xo) - xo, ti^S - ^o> = (y, - ^S)) = (y, r ) > 0. (29) 

Using ([27]) and ([29]) we conclude that y = and y* = 0. Therefore, 

«;S€r(xo), A*xl = A*wl. 

As ^0 £ ^) we have zq = Azq and so 

(zo,a;i5) = (^^o,a;o> = (^o,^*2;o) = {zo,A*Wq) = {Azo,Wq) = (zq^Wq), 

that is, 

{zo,Xq) = {zo,Wq), Wq G r(xo) 

which contradicts ([16p . Therefore, (xo,Xq) G T and so T is maximal mono- 
tone and cJ/i G 9"t- D 

Observe that if /i is convex, proper and l.s.c. in the strong x weak-star 
topology, then S'^h = h. Therefore, using this observation we have the 
following corollary of Theorem 13.11 

Corollary 3.2. Leth G R-^^-^* he proper, convex, l.s.c. in the strong x weak- 
star topology and 

h{x, x*) > {x, X*), h*{x*,x) > (x, X*), V(x, x*)eX xX*. 

If 

\J APrxD(/i), 
A>0 

is a closed suhspace of X, then 

T := {(x,x*) G X X X* I /i(x,x*) = (x,x*)} 
is maximal monotone and h,Sh G 3"^- 
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Proof. Using Theorem 13. II we conclude that the set 

S ■= {{x,x*) eX xX* \ h*{x*,x) = {x,x*)} 

is maximal monotone. Take {x,x*) G S. As vr is Gateaux differentiable, 
bounds below h and coincides with h at {x,x*), we have (see Lemma 4.1 
of [5]) 

D7r{x,x*) G d8h{x,x*), 

where Dn stands for the Gateaux derivative of vr. As Dtt{x,x*) = {x*,x), 
we conclude that 

dh{x, X*) + fh{x, X*) = {{x, X*), (x*, x)). 

Substituting ^h{x,x*) by {x,x*) in the above equation we conclude that 
d'^h{x,x*) = {x,x*). Therefore, as 3'^h{x,x*) = h{x,x*), 

S CT. 

To end the proof use the maximal monotonicity of S (Theorem 13. ip and the 
monotonicity of T (see Theorem 5 of [7J) to conclude that S = T. □ 

It is natural to ask whether we can drop lower-semicontinuity assump- 
tions. In the context of non-reflexive Banach spaces, we should use the l.s.c 
closure in the strong x weak-star topology. Unfortunately, as the duality 
product is not continuous in this topology, it is not clear whether the below 
implication holds: 

? 

h > TT ^ dsxuj* h > IT. 

Corollary 3.3. Let h G M"'^^"^* be proper, convex and 

h{x,x*)> {x,x*), h*{x*,x) > {x,x*), y{x,x*) e X X X*. 

If 

y XPvxBih) 

A>0 

is a closed suhspace of X , then 

Clsxo;* h G 3"t, 

where clgxuj* denotes the l.s.c. closure in the strong x weak-star topology and 
T is the maximal monotone operator defined as in Theorem \3.1[ - 

T := {{x,x*) eX xX* \ h*{x*,x) = {x,x*)}. 

In particular, clsxo;* h > vr. 
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Proof. First use Theorem 13. II to conclude that T is maximal monotone and 
3h £ It- In particular, 

§T ^ 3h > (fT- 



Therefore, 



8ipT > fh > d§T- 



As 8S1T = ifT ^ 3't and Sy^T G 3^T, we conclude that cl^xo;* h = d'^h G 
Jt. □ 

In the next corollary we give a partial answer for an open question pro- 
posed by Martmez-Legaz and Svaiter in [8j, in the context of non-reflexive 
Banach spaces. 

Corollary 3.4. LefJi he the family of convex functions on X x X* bounded 
below by the duality product, as defined in ([7D . If g is a minimal element of 
"K and 

U APrxD(<7) 

A>0 

is a closed subspace of X, then there exists a maximal monotone operator T 
such that g = ipx, where (/?t is the Fitzpatrick function ofT. 

Proof. Using item 3 of Theorem 11.41 and Theorem 13.11 we have that 

T := {{x,x*) £X X X*\g*{x*,x) = {x,x*)} 

is maximal monotone, 3g € 9"t and 

T C {{x,x*) eX xX* \ g{x,x*) = (x,x*)}. 

As g is convex and bounded below by the duality product, using Theorem 5 
of we conclude that the rightmost set on the above inclusion is monotone. 
Since T is maximal monotone, the above inclusion holds as an equality and, 
being l.s.c, g S 3"t- To end the proof, note that 5 > i/^r € D 

A Proof of Proposition 12.21 

Proof of Proposition \2.S\ Using the Fenchel- Young inequality we have, for 

any (y, y*), {z, z*) x Y* and x* ,u* £ X* , 

h{Ay, x*)+6{o}{y*-A*x*)+h*{u*,Az)+6{o} {z*-A*u*) > {Ay, u*)+{Az, x*). 
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Taking the infimum over x*,u* € X* on the above inequahty we get 

f{y,y*)+ inf h*{u*,Az) + 5^oy{z*-A*u*)>{y,z*) + {z,y*) 

= {iz*,z),iy,y*)), 

that is, 

{iz*,z),{y,y*))-f{y,y*)< mf h* (u* , Az) + 6{o}{z* - A*u*). 

Now, taking the supremum over {y,y*) £ Y x Y* on the left hand side of 
the above inequahty we obtain 

f*{z*,z)< inf h*{u*,Az) + Ssox{z* - A*u*). (30) 

For a fixed {z,z*) £ Y x Y* such that f*{z*,z) < cxo, define 99,^ G 
j^yxxxyxx* 

(^(y, X, y*, X*) ■.=f*iz*,z) - {y, z*) - {z, y* + A*x*) + <^{o}(y*) + Kx, x*), 
'ilj{y,x,y*,x*) ■■=S{o}{x - Ay). 

Direct calculations yields 

U A[D((^) - D(V^)] = y X U A[PrxD(/i)] - R(A)] x y* x X* . (31) 

A>0 A>0 

Using (jlip . ()3ip and Theorem 12. II for and V', we conclude that there exists 
{y*,x*,y**,x**) eY* xX* X Y** x X** such that 

Mip + i; = -^*{y*,x*, y*\x**) - r{-y\ -x\ -y** , -x**)- (32) 
Now, notice that 

{^ + i^)iy,x,y*,x*)>nz*,z) + f{y,A''x*)-{{z*,z),{y,A*x*))>0. (33) 
Using ([32]) and ([331) we get 

ip*{y*,x*,y**,x**) + n-y*, -X*, -y**, -X**) < 0. (34) 
Direct calculations yields 
ip i-y ,-x ,-y ,-x )= sup (y, -y - A x ) + (z ) + , -x ) 

{y,z',w*) 

= 5{0}iy* + A*x*) + 6{o}iyn + ho}i^**)- (35) 
12 



Now, using and ([35]) we conclude that 

y** = 0, X** = and y* = -A*x*. 
Therefore, from (j34p we have 

ip*{-A*x*,x*,0,0) = sup ({y,z* -A*x*) + {x,x*) + {Az,w*)-h{x,w*) 

{y,x,w*) 

= h*{x\Az) + 5{Q}{z* - A*x*)- r{z\z) < 0, 
that is, there exists x* S X* such that 



> h*{x\Az)+5{Q}{z* - A*x*). 
Finally, using ([30]) we conclude the proof. □ 
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